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Efficient Sensitivity Analysis of Lossy Multiconductor
Transmission Lines With Nonlinear Terminations

Anestis Dounavis, Ramachandra Achdember, IEEEand Michel S. NakhlaFellow, IEEE

Abstract—An efficient approach for sensitivity analysis of lossy ordinary differential equations). Hence, it is essential to
multiconductor transmission lines in the presence of nonlinear model interconnects such that they can be directly in-
terminations is described. Sensitivity information is extracted using cluded in a nonlinear circuit simulation environment.

the recently developed closed-form matrix-rational approxima- s : . .

tion of distr%buted trgnsmission-line model. The methopdpenables 2) The s_econd Fjlfflculty. IS dug to th_e excessive CPU time

sensitivity analysis of interconnect structures with respect to both associated with the simulation of interconnect networks.
electrical and physical parameters. An important advantage ofthe A significant amount of research has been done to address
proposed approach is that the derivatives of the modified nodal the simulation of distributed interconnects in the presence of
admittance matrices with respectto per-unit-length parametersare nonlinear elements [1]-[17]. Approaches based on conven-
obtained analytically. tional lumped segmentation provide a brute force solution to

Index Terms—interconnects, optimization, sensitivity analysis, the mixed frequency/time problem [8]. However, this leads

transmission lines. to large circuit matrices, rendering the simulation inefficient.
Also, there exist other algorithms based on the method of char-

. INTRODUCTION acteristics [9], [10], optimization techniques [11], Chebyshev

olynomials [7], [12], and integral congruent transformations

1 ]. Recently, an efficient multiconductor transmission-line
L) model based on a closed-form Padé approximation has
Ise_en proposed [14]-[16]. The advantages of this algorithm are
tributed transmission lines and effects such as signal del ng”O.WS: the mapromodel of the transm|35|on-llne equations
crosstalk, ringing, and distortion become prominent. Th ‘obtained analyucally (in terms of predeter'mlned constants
' f : Bhd the per-unit-length parameters), the passivity of the macro-

22%?]?2?]?”0"&?;2 t:ﬁ Obriﬁlrt\i/(?r?i a;]rggz?/els\(ﬁé&fs?'zrr?(;Chg/htS%‘BC del is guaranteed, the method can be easily incorporated
P.p ging, P ' P jth passive model-reduction algorithms [16], [17], and the

_cwcwt boards (PCBSs). (_:onsequently, |mproperly d_e_5|gn ethod can handle transmission lines with lossy as well as
interconnects can result in poor performance, reliability an Equency-dependent parameters

m?r):tg?cu(fr?n?gfse Sl\ia\\”tcahr:ni%[l(]);grl-t role in determining the cir-, In this paper, a new method to perform sensitivity analysis
cuit's densit ovl?/eryconsunﬁ tion. and clock fre uencg For eof nonlinear circuits with distributed transmission lines is pre-
Y, P ption, q Y- gented. The method uses a matrix-rational approximation-based

ample, increasing the circuit's density leads to shorter intea{'gorithm to model distributed interconnects as well as to de-

connects which reduce the problem of delay and reflectior}ﬁ, o :
. : Ve th k h -
However, this leads to greater crosstalk between adjacent Enet e network sensitivity with respect to any interconnect pa

terconnects. Desianers must make proper tradeoffs. often ar'_neter. A major advantage of the proposed method is that the
' g brop ’ &rivatives of the circuit matrices are obtained analytically, in

tween conflicting design requirements, to obtain the best p &rms of predetermined constants and per-unit-length parame-
sible performance. Hence, efficient and accurate sensitivity i%-

) . . rs, facilitating efficient formulation of the sensitivity network.
formation with respect to interconnect parameters are require

by optimizers to solve large nonlinear circuits with embedded he rest of the paper is organized as follows. In Section 1l,
y op 9 a brief review of formulation of circuit equations is given. In
distributed subnetworks [5]-[7].

However. for large nonlinear networks with distributed inter§ection [, we outline the steps involved in the sensitivity anal-
connects fhe taskgof finding the best possible desian beco sis. Section IV presents the proposed algorithm for sensitivity
f g b 9 %%Iysis of nonlinear networks with distributed components. In

too compllclated dye t‘? the folewmg dn‘ﬁculue;. Sections V and VI, we present the computational results and
1) The first major difficulty is due to the mixed frequencylgnclusions respectively.

time problem, which is encountered while linking dis-
tributed transmission lines with nonlinear circuit simu-
lators. This is because, distributed transmission lines are
described by partial differential equations which are best In general, distributed networks in the presence of nonlinear
solved in the frequency domain, whereas nonlinear elelements can be expressed as

ments are described only in the time domain (nonlinear

HE ever-increasing quest for higher operating spee
miniature devices, and denser layouts has made sig
integrity analysis a challenging task. As signal frequenci
approach the gigahertz range, interconnects behave like

Il. FORMULATION OF CIRCUIT EQUATIONS

N,
ng.’i:qg(t) + G¢.’L‘¢(t) + Z Dk’l:k(t) + f¢ (.’l,'qg(t))
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where where X, is the solution of the adjoint network and is defined
* z,(¢) is a vector, which include node voltages appendet$

by independent and dependent voltage source currents, in-
ductor currents, nonlinear capacitor charge, and nonlinear

inductor flux waveformG,, andC',, are constant matrices grom (5), the sensitivity of an output variable with respect to a
describing the lumped memoryles; and memory elemenis.it parameter depends 6, X,, 9Cx /), anddG, /ON.
of the network, respectivel,(¢) is a vector with en- e yajues ofX and X, are obtained from the solution of the
tries determined by the independent voltage and currenli,ork and adjoint equations given by (3) and (6), respectively.
sourcesf,(z4(?)) is a vector describing the nonlinear elxq; the case wherkis an interconnect parameter, the matrices
ements. . . ) dC, /9X and 8G,. /o are derived from the equations of the

* Dy = [d;,; € {0, 1}] is a selector matrix that magg(t),  interconnect model. How to obtain these matrices from the ma-

the vector of terminal currents entering the interconnegty rational approximation-based algorithm is described in Sec-
subnetworkk, into the node space of the network, wherg,, v/

te{l,....,n}kje{l,..., 2m}andm,isthe number
of coupled signal conductors in subnetwdrkN; is the B. Sensitivity Analysis With Nonlinear Terminations

number of distributed structure®y(s) is the admittance o . . .
arameters of interconnect subnetwarkn the Laplace The sensitivity of the_ nonlmea_r netwc_)rk_ with respect o a cir-
b cuit parameten is obtained by differentiating (2) with as

domain.I; andVy represent the Laplace terminal volt-

(sCr +G)' X, = 2 (6)

ages and currents of interconnéct _ c. iz(t) N <G7r N 8f(:c(t))> A+ E®H =0 (7)
The distributed elements in (1) do not have a direct repre- dt 9z (1)
sentation in the time domain, leading to mixed frequency/tinghere
simulation difficulty. In order to overcome this problem, a a9C.. d oG Af(x(t))
L K A E _ ™ k3

closed-form MTL model based on a Padé matrix-rational ()= I\ di z(t) + ax z(t) + “on
approximation has recently been proposed [14]-[16]. This in- (%)
terconnect model is shown to be efficient, passive, and suitable z= g)\ i (8)

for passive model reduction techniques based on congruent i , )
transformations. Using thimterconnect macromode{l) can  1he solution of (2) and (7) can be obtained by converting

be expressed as them to difference equations using integration formulae such as
d backward Euler or trapezoidal rule (TR) [18]. For example, if
Cx 7 z(t) + Grz(t) + f(=x(t)) = b(t) (2) TRisused, (2) and (7) become
where the distributed elements are now explicitly embeddedax,, ,, + fXnt1)
in the modified nodal admittance (MNA) [18] matrices of the 2X b b
overall network. The matrices of (2) are described in greaterde- — BXx,, — f(Xn) + (bry1 +b,) ©)
tail in Section IV, which describes the matrix-rational approxi- 2 2
mation-based algorithm. At Of (Xni1)\ 0Xni1
20X 1 122
[ll. SENSITIVITY ANALYSIS aAX B 0X,, OB Of(Xyn) 0X,
= - Xnm1t 7 Xn —
In this section, the sensitivity analysis is derived for both ax ot ax oA 20X, OA
linear and nonlinear distributed networks. 1 (0f(Xnt1) | 9f(Xn)
- = + (20)
2 oA I
A. Sensitivity Analysis of Linear Circuits
where
If distributed networks are not in the presence of nonlinear
. i C. G; C. G;
elements, then (2) can be expressed in the frequency domain as A= At + > B= AT o (12)

(sCr +G-)X =B (3) andX, = X(t,). The variableAt is the time step between the
whereX is the Laplace transform af() and B is the Laplace time intervalt,, to t,1.
transform Oﬂ)(t).. An effic_ie_nt methqd to obtain the sensitivities Equations (9) and (10) represent the solution of the original
of the network is the adjoint technique [18], [19]. L&the the and sensitivity networks as described by (2) and (7). The coeffi-
output variable of interest, defined as cients on the right side of (10) are all known from the solution of
b= tX (4) (9). The variable® f(X,,11)/0X 11 and8f(Xn)/0X,, are
_ _ _ ~ the Jacobean matrices which can be obtained by solving (9).
wherez is a selector vector with unity entry corresponding tpe matricesdA/9A and 9B/dX are derived fromdC, /OA
the output variable and the superscripienotes the ransposeanggq,. /9. For the case whehis an interconnect parameter,
of a matrix. D|ﬂerent|§t|r1g (3) and (4) w!th respect to a circuihcr /o) anddG,. /9 are derived from the equations of the in-
parameten and combining the two relations yields terconnect model. How to obtain these matrices from the ma-
0P + oC, 0G, trix-rational approximation-based algorithm will be described
X <3 ax T an )X ) in section IV,

ox
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C. Sensitivity With Respect to Physical Interconnect Length=dem Active Tor=6- 1o oIy
Parameters — D
When studying the sensitivity of distributed networks, the de- _1pFIDfm_Ié(emmmm_wm
sign parameters ofinterconnects are usually required with respe:  — Victim N Vout
to physical parameters (such as width and spacing of conductors L Wi, +
The sensitivities of electrical parameters are often intermediatc Towr i lOO”’F

steps to the calculation of sensitivities of physical parameters. Iri
the case wher# represents a physical parameter of an intercofid- 1. - Coupled interconnect system with nonlinear termination.
nect, the sensitivity ofthe output nodes can be obtained asfollows*

7 .
my my — Active
Z Z < ox 8RZ j ox OL, ; ol - - Victim
= o OR; ; OL; ; 9O

dx 8GZ j oz 8CZ j i
) ) (12) S
8Gm I 801”» I = 4r

whereR; ;, L; ;, G; ;, andC; ; are the per-unit-length param- & 5l

eters. The subscriptsand; are matrix indexes. §
- 2F
3
IV. SENSITIVITY OF THE CLOSED-FORM MATRIX-RATIONAL § il
APPROXIMATION-BASED MACROMODEL
It is clear from Section Ill, to calculate network sensitivities 0

with respect to any interconnect parameter, the MNA derivatives _4

with respect to the interconnect parameters are required. Thi

section reviews the closed-form matrix-rational approximation- -2, g5 3 15 2 25 3 35 4

based MTL macromodel, which forms the basis of the proposec Time (ns)

algorithm. From this discussion, the MNA derivatives with re- (@)

specttotheinterconnectparameters (@€, /0 anddG,. /3X) 7

are derived.

6-

A. Review of the Closed-Form Matrix-Rational

Approximation-Based Macromodel 5r

Consider am + 1 conductor transmission liner( signal 2 4t
conductors with one reference line) described by Telegrapher’ é
equations g9
J s 2r
p v(z, t) =—Ri(z,t)— L 5 i(z, t) é
9 9 o
52 i(x, t) =—Gu(z, t) - C g v(z, ) (13) 0

whereR, L, C, andG € R™*™ are the per-unit-length param- 1l

eter matrices. The coefficient§z, ¢) andi(z, ) € R™ repre-

sent the voltage and current vectors, as a function of position -2 05 ] 5 > 25 3 35 4

and timet. Equation (13) can be written in the Laplace domain ' "~ Time (ns)

using the exponential function as
[ n) = [0 o]
c

V(0, s)
I(0, s)

Fig. 2. Output transient of nonlinear circuit. (a) Response of active and victim

(14) line. (b) Response df out.

I(d, s)
where
0 —als) . _ . _
[—b(s) 0 } d; a(s) =R+ sL; b(s)=G+ ZC;)

andd is the length of the line. The exponential maizfk can be
written as

~[Py(Z2)]'Qn(2)

where P (Z) and Q (%) are polynomial matricesthat can

(16)

be expressed in terms of a closed-form matrix-rational function
[14], [15]. Oncec? is expressed as a rational function, it can be
converted to ordinary differential equations. One way to obtain

the differential equations is to express (16) in terms of subsec-
tions formed by the poles and zeros of the rational approxima-
tion. In this form, the macromodel can be represented in terms
of lumped components [15].

Using the proposed macromodel, the nonlinear distributed
network described by (1) is converted into the form of (2) where

Ny
G.=Gat > > (F) Gryk
k=1 ¢
Ny
k=1 ¢

17)
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Here the matriceé€,, C,, f(x(t)), andb(t) are obtained from B. Calculation of6C /dA and8G,, /O

Gy, Co, f(:(t)), andby(t) by appending them by rows 14 c5icyjate the sensitivity of the network with respect to an
(and/or) columns that contain zeros to account for the extiaa connect parameter, the matrics,. /d\ anddG,, /) are
variables required for the stamp of the transmission line. Th%quired The calculatio,n diC,. O anwdaG ) deﬂpends on
Ga, Ca, b(t), and f(x(t)) can be expressed in the fOIIOWIngthe interconnect model being used. For the case of matrix-ra-

block form: tional approximation-based model, the matrices are obtained as

G, © follows. Let A, be an interconnect parameter of thih inter-

Go = 0 0} connect. Differentiating the matrices of (17) with respeck{o
- yields

Co= [Co 8} 0 _ 5 ayr 9E 0
- Y OV

fat) = | Te(=0) Z )
L0 9Cx _ >k oC; ok (21)

[by(t) O S0 on T

bty =|"%" |- (18) ' iy iy _
L The matrices9C; /09X, and 8G; /9N, are computed analyti-

The indexes andk represent theth subsection of théth in- cally in terms of per-unit-length parameters and predetermined

terconnect. The subsections of each interconnect are obtaiffigg>tants given by the matr_|>_<-_rat|onal approxmanon._ This
from the poles and zeros of the Padé rational model of the ex akes the formulation of sensitivity networks extremely ;lmple
nential function. In the case of real pole-zero subsections, thi)€n compared to other MTL models. As an example, differen-
can be expressed as (19a) and (19b), shown at the bottoriging with respect to the conductapce qf ﬂftbklnterconnect
this page. For the complex pole-zero subsections, the matrié¥sth® complex pole-zero subsection yield€; /9Gi. = 0

are expressed as (20a) and (20b), shown at the bottom of

following page. [ 0 0 —dy 000l
The matricesi/¥ are selector matrices that map the block 4wk 4, 1
stampsGF andC* to the rest of the network equations. The ma- 0 0 0 0 000
tricesRy, Ly, Cx, andGy are the per-unit-length parameters of 0 o kg i, kd 000
the kth MTL, dy is the length of thésth MTL, U is the unity . o 02
matrix, and the variables;, x, z;,», andp? , are predetermined 9G; _ ’ ’
constants given by the Padé approximation and are describeddd, —di o i ke [ iede | di 00 0
greater detail in [14] and [15]. 4z; P31 Py Awi
It should be noted that the MNA matrices described by (19) 0 0 0 0 00 0
and (20) are obtained analytically in terms of per-unit-length
parameters and predetermined constants given by the matrix- 0 0 0 0 000
rational approximation. An error criteria for selecting the order 0 0 0 0 000
of the matrix-rational approximation is described in [14] and 2'2
[15]. Next, the calculation ofC,, /A anddG, /OX is derived (22)
using the proposed MTL model. for a single conductor line (with reference ground).
dk dk ]
G 0 G U
2 5 2a; k »
ik 51 0k 551
0 ] : ] -U
G = 2d;, " 2d, ~F (19a)
di —Gik o1 f Gk o1 dy.
G R —= R G 0
2@17 k k 2dk k 2dk k + 2@1‘7 k k
7 U 0 0 |
- dy -
0 0
2a; * 2a;, *
0 0 0 0
ke — dy, dy,
C; ko, 0 ke, 0 (19b)
2@1 k 2@1 k
2d;,
0 0 0 * L
L Qg k
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V. COMPUTATION RESULTS 1) Using the closed-form matrix-rational approxima-
tion-based macromodel provides significant CPU
advantages compared to the lumped segmentation model
[15]. For this example, the total size of the MNA matrices
was 93x 93 using the proposed method while the size

Example 1: A coupled interconnect system with nonlinear
termination is shown in Fig. 1. The length of the line is 4 cm
and the per-unit-length parameters are

[0.14 0 of the lumped model was 40x 407.
= 0 0_14} f/em 2) Perturbation-based techniques can lead to inaccurate re-
: sults (depending on the magnitude of the perturbation).
L = 6.3 2-9} nH/cm 3) In addition, the nonlinear differential equations repre-
29 63 senting the perturbed network must be solved separately
1.1  —0.45 for every parameter of interest. However, in the proposed
C= 045 11 } pF/cm approach, the sensitivity information with respect to

all the parameters can be essentially obtained from the
Fig. 2 shows transient responses of the far-end voltages corre-  solution of the original network.

sponding to a 5-V input pulse with rise/fall times 0.1 ns andBable | shows a comparison of savings in the main computa-
pulsewidth of 0.8 ns. The sensitivities with respecttq for tional cost (in terms of total number of LU decompositions)
the active, victim, and’out nodes are shown in Fig. 3. The re-using the proposed approach versus the perturbation approach,
sults of the proposed method are compared with the perturbatfonthe above example.

of the lumped segment model [8] (referred to as SPICE PerturExample 2: In this example, interconnect physical parame-
bation). Both the proposed method and the perturbation resu#iss are optimized to obtain desired circuit performance. A cir-

are in good agreement. cuit with three interconnect subnetworks is shown in Fig. 4.
It is to be noted that using the proposed method provides tBach subnetwork consists of two coupled transmission lines and
following advantages. a ground plane, as shown Fig. 5. A 5-V step response with a
NER P di Ti, k di —pi & |
) [ —1 J ) —1 - 1, k —1
: : G, =R 0 G = R 0 0
< dk 4$7‘,,kdk> k + 4377‘,,k K d k 4377‘,,k K 4377‘,,kdk k
Li k —1 L k —1
— R —R 0 0 0 U o
dp. k dp ¥
i kg i i
0 0 sLLLyen b @ 0 —U 0
Pk Pk
GF =
! —dj, i kg i kdr d
k G, 0 i, kG Gy, x ’Qk k k Gy, 0 0 U
4i, p Pik Pi ATk
2 2
“Pik o1 Pik -1
! 0 0 0 ! 0o -U
4.752‘7 kdk k 4.7}de k
0 -U 0 0 0 0
i 0 0 0 -U U 0 0 |
(20a)
dp. —dp, T
Cp 0 0 * Cr 0 o 0
dx; y dx; y
0 0 0 0 0 0 0
@i, kdx @i, kdx
0 0 ’2 C,, ’2 C,, 0 0 0
Pk Pk
‘ —dj, i kdr i kg d
ch = bo, o Trho [TES L % Ao 0 0 0 (20b)
dz; k Pi & Pi & Az
0 0 0 0 0 0 0
dy,
0 0 0 0 0 —* I, 0
Ti, k
Az; wdi
0o 0 0 0 0 TR I
L Pk
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Fig. 3. Sensitivity w.r.tC', for: (a) the active line, (b) the victim line, and (R)out.

TABLE | nterconnect
COMPUTATIONAL COMPLEXITY: PROPOSEDV ERSUSPERTURBATION p
s~
#of Perturbation (# LU Proposed (# LU > w e ¥
parameters decompositions) decompositions) h
10 17501 1601 ¥

T—Ground Plane

5V
Vi %0 Fig. 5. Physical/geometrical parameters in a two-conductor transmission line.
50Q Line #2 —Ll,SpF 1
— I 101pF V3 are to be reduced to 5.5 and 5.0 ns, respectively, based on
Line #1 — V2 " .. . .
_'Ll.SpF sy a threshold voltage of 3.0 V. In addition, it is desired to main-
| — l tain the voltages of;, andV; greater then 4 V after 6.5 and
= Qj%— V3 6.0 ns, respectively. A 0.4-V upper specification is imposed on
150, Line #3 J_ . .
L TissF = To0pF the magnitude of% andV,. The error functions fok; andV3
__:LV4 = become
Tospr er = [Vi(¢, 5.5ns) — 3 V]
ez =—[Vi(g, 5.5ns) — 3 V]
Fig. 4. Three coupled interconnects with nonlinear terminations. s = [Vg((/), 5.0 ns) _3 V]

time rise of 1 ns is the input signal of the circuit. The response = [V?’(d)’ 5.0ns) -3 V]

of interest are nodes labeléd, V5, V3, andV,. The responses Citda =— [V1(</), ti)—4 V]
before optimization are plotted in Fig. 6. The delayd#fand ejv20 =—[Va(¢, t;) —4 V]
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— Before Optimilzation 0.8 ' ' l " [— Before Optimilzation

7r U
- - - After Optimization /’\\ - - - After Optimization

(=]
[2)

o o
N H

V2 (Volts)
o

© 5 10 15 _20 25 30 3 40 0 5 10 15 20 25 30 35 40
Time (ns) Time (ns)

(@) (b)

— Before Optimization 0.8 ' ' ' " [— Before Optimization

6y - - - After Optimization - - - After Optimization
0.6
#
)

0.4

0.2r

V3 (Volts)
W

V4 (Volts)
o

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time (ns) Time (ns)

© (d)

Fig. 6. Signal response of nonlinear circuit before and after optimization (example 3). (a) Signal réspo(iseSign respons& 2. (c) Signal respons¥ 3.
(d) Signal respons&’4.

wherei = [1,2,...,16], 5 = [1, 2, ..., 16], ¢; and¢; are width of the line has to be equal to or greater than 0.1 mm and
equidistant time points between the interval [6.5 ns, 40.0 risle allowable range of the circuit board thickness is between
and [6.0 ns, 40.0 ns], respectively. A weight factor of 10 is uséd5—-2.5 mm. The constraints on the design variables are

to make the error functions &f, andV, comparable in scale to

those ofV; and V3. The error functiongs; to e1o¢ for V5 and 91(¢) =2w + s —2.5mm

g2(¢) =dy +do +d3z — 1.35m

V. become
w >0.1mm
Ck+36 :10[‘/2((7), tk)—04V:| Ormm;] <925mm
. 1 . .
Cht52 = —10[V2(</), t) + 04 V] =
crres = 10[Va(g, 1) — 0.4 V] The relative dielectric constants of the circuit board is 4.5. The
. = 10[Vi(, t1) + 04 V] initial values of the variables are = 0.5 mm,s = 1.5 mm,
hse = AT TR h =2.0 mm,dl =0.45 m,d2 = 0.45 m, andd3 = 0.45 m.
wherek = [1, 2, ..., 16] andt; are equidistant time points The per-unit-length parameters are computed from the physical
between the interval [0.0 ns, 40.0 ns]. As seen from Fig. 6, aéscription of the transmission line by using an interconnect
specifications are violated before optimization. modeling tool [20]. The results obtained are used to formulate

The design variables include linewidthw, spacing between a lookup table. Intermediate data points are interpolated using
conductors, circuit board thicknesh, and lengths of multicon- Stirling’s formula [21]. This results in relatively more accurate
ductor linesdy, da, andds. Parameters, s, andh are the same per-unit-length parameters during the optimization process.
for all three transmission lines. Design constraints of the cir- The design variables after optimization ave= 0.149 mm,
cuit require that the total length of the three transmission lines= 2.202 mm, h = 0.998 mm,dl = 0.132 m, d2 =
be 1.35 m and the total width of the two conductors plus the651 m, andd3 = 0.567 m. The optimized circuit responses
spacing between them be fixed at 2.5 mm. In addition, tlee juxtaposed against those before optimization in Fig. 6. The
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new design variables meet all the circuit specifications without20] LINPAR Version 1.2Artech House, Norwood, MA, 1989.

violating any design constraint.

VI. CONCLUSION

A new approach for sensitivity analysis of lossy multicon-
ductor transmission lines in the presence of nonlinear termir
tions is described. Sensitivity information is derived from th
recently developed closed-form matrix-rational approximatiol
based transmission-line model. The method enables sensiti
analysis of interconnect structures with respect to both electris
and physical parameters, while providing significant comput
tional cost advantages.
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